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Announcements

Midterm 2 is next Wednesday during lecture.

Midterm 2 is a cumulative exam for the material covered in lectures 1-20 and
homeworks 1-6. However the emphasis of the exam will be the topics
covered in

I Homeworks 4, 5, and 6.
I Lectures 11-20.

Students seeking additional review problems are advised to study the
exercise sets from Nagle, Saff, and Snider textbook sections 4.6, 4.7, 7.2,
7.3, 7.4, 7.6, & 7.9.

Students are permitted the use of one double sided page of handwritten
notes together with scientific calculator during the exam. No other
electronic devices are permitted during the exam.
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The Laplace Transforms Method for Solving IVP’s I

Recall if f 1ptq is differentiable and of exponential order α then

L t f 1ptqupsq “ sL t f ptqupsq ´ f p0q, s ą α.

We can apply this twice to deduce that

L t f 2upsq

“ L tp f 1q1upsq “ sL t f 1upsq ´ f 1p0q
“ spsL t f upsq ´ f p0qq ´ f 1p0q “ s2L t f upsq ´ s f p0q ´ f 1p0q.

This propery makes L a powerful tool for solving initial value probems.

Differential Equation in t-space Algebraic Equation in s-space

Example

(a) Using the method of Laplace transform, solve the initial value problem

y2 ` 9y “ 0; yp0q “ 3, y1p0q “ 0.
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The Laplace Transforms Method for Solving IVP’s II

Example

Solve the initial value problem

y2 ´ 2y1 ` 5y “ ´8e´t, yp0q “ 2, y1p0q “ 12.
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The Heaviside Step Function

For applications of differential equations to “start-stop" phenomena it is
convenient to introduce the unit step function or Heaviside step function

uptq “

#

0, t ă 0,
1, t ą 0.

Note that if a P R is constant then upt ´ aq “

#

0, t ă a,
1, t ą a

.

Example

A brine solution flows into a tank containing 500L of solution via one of two input
valves. The solution is kept well stirred and flows out at a rate of 10 L/min.

Initially valve A is open releasing a brine solution containing 0.02 kilograms
of salt per liter at a rate 10L/min into the tank.

After 10 minutes valve B is switched in and releases a brine solution
containg 0.04 kilograms of salt per liter at a rate 10L/min into the tank.

Write a differential equation governing the amount of salt in the tank at time t.
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The Heaviside Step Function and Laplace Transform I

The Laplace transform plays nicely with the Heaviside step function.

Theorem

Suppose Fpsq “ L t f ptqupsq exists for s ą α ě 0. If a is a positive constant, then

L t f pt ´ aqupt ´ aqupsq “ e´asFpsq,

and conversely L ´1te´asFpsquptq “ f pt ´ aqupt ´ aq.

Example

Using the theorem above, calculate

(a) L tpt ´ 1q2upt ´ 1qupsq, (b) L tcosptqupt ´ πqupsq, (c) L ´1
!

e´2s

s2

)

ptq

(d) L tΠa,bptqupsq with 0 ď a ă b ă 8 constant and

Πa,bptq “

#

0, t ă a or t ą b,
1, a ă t ă b.
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The Heaviside Step Function and Laplace Transform II

Example

Using the method of Laplace transform, solve the initial value problem

y2ptq ` 4yptq “ gptq, yp0q “ 0, y1p0q “ 0,

where

gptq “

$

’

&

’

%

1, 0 ă t ă 1,
´1, 1 ă t ă 2,
0, 2 ă t.
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